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H,=78+7.97P,+ .004821332[MBt“ ] 50<P, <200
P, =850[MW]
Uni 1: fuel cost ~ 1.1 R/MBtu Fy(P,) = H,(P,) x 1.1 = 561 4+ 7.92P, + 0.001562P2 R/h
Unit 2: fue] cost = 10 R/MBCU Fz(Pz) = Hz(Pz) X ]0 = 310 + 7.85P2 + 000194P§ R/h
Unit 3: fuel cost = 1.0 R/MBtu Fy(Py) = H3(Py) x 1.0 = 78 + 7.97P; + 0.00482P3 R/h
dF,

—— =792 + 0.003124P, = 4

dP, (1 =9.148[R/ MWh]
4z _ 785 + 000388, = P, =393.2[MW]
o — 1 P, =334.6[MW]
3 _
ap, = 197+ 000964, = P =122.2[MW]

P, + P, + P, = 850 MW

Y



4 = 8.284 R/MWh

P, = 704.6 MW p_p P, = 600 MW .
P,=111.8 MW :>{P3HD3““in —  P=20MW — A=d—Pz =8.626 R/MWh
=200
P, = 326 MW o b= SOMW R
;‘_‘; — 8.016 R/MWh . P L
dF1P1=6oo ‘JJJ o;y}‘;'y%ﬁj‘f%s.kg-b&‘f‘%ﬁ
€% — 8.452 R/MWh : Nl 5 oy Te :
dp, Py=50 R c”«tg wﬁ” 6‘)’3 .u\ML} L;QJ 4.«.:.6-3 OJA‘ WJ.: Csdli
N - P
SJZJ:-‘J I3 O okl u.éb C)‘JKA 250 Jib g
S g ‘..,,..33
P, =600 MW j = 8.576 R/MWh
dF, dF
—= = 7.85+ 0.00388P, = 4 —1 = 8.016 R/MWh
P, — P, = 187.1 MW dP; lp, =600 mw R/
d—f = 7.97 + 0.00964P; = J P,= 629 MW

qy

3
P, + P, = 850 — P, = 250 MW
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P, = 0.00003P3 + 0.00009P3 + 0.00012P3

Nl

7.92 + 0.003124P, = A[1 — 2(0.00003)P,]
7.85 + 0.00388P, = A[1 — 2(0.00009)P,]
797 + 0.00964P, = i[1 — 2(0.00012)p,] = s b il s Ll il -2
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L1 d e 5l gl 55 Gleils ol dpslome 3l —4
53 aled anglie ool jo 50T 5 ailiie jyolie
chJﬁSAbJAA.:oMCJJUJoMULA(-LGCJ‘)ﬂ

03,53k s Al po 4y eyl b 3

40 0



a IJlOSS

Pl = 400.0 Mw

P, = 300.0 MW oP..
P, = 150.0 MW op,
OPios
oP;

= 2(0.00003)400 = 0.0240

= 2(0.00009)300 = 0.0540

= 2(0.00012)150 = 0.0360

Total losses are 15.6 MW.

7.92 + 0.003124P, = A(1 — 0.0240) = A(0.9760)
7.85 + 0.00388P, = A(1 — 0.0540) = A4(0.9460)
797 4+ 0.00964P; = i(1 — 0.0360) = 4(0.9640)

P]+P2+P3—'850—156=P1+P2+P3—865-6=0

A =9.5252 R/MWh OPoss _ 2(0.00003)440.68 = 0.0264
— P, = 44068 0P,
P, = 299.12 = 4R
? ' —= = 2(0.00009)299.12 = 0.0538
P, = 125.77 oP,
aPIOSS
= 2(0.00012)125.77 = 0.0301
0P,
15.78 MW.
7.92 + 0.003124P, = A(1 — 0.0264) = A(0.9736) 4 =9.5275 R/MWh
— 7.85 + 0.00388P, = A(1 — 0.0538) = 4(0.9462) ~—, P =43394MW
7.97 + 0.00964P, = A(1 — 0.0301) = 4(0.9699) P, = 300.11 MW
+ P, + Py — 86578 =0

P, + P, + P, — 850 — 15.78 = P,

45

Y2

Py = 131.74 MW



v

P, P, Py Losses A
Iteration (MW) (MW) (MW) (MW) (R/MWh)
Start 400.00 300.00 150.00 15.60 9.5252
1 440.68 299.12 125.77 15.78 9.5275
2 433.94 300.11 131.74 15.84 9.5285
3 435.87 299.94 130.42 15.83 9.5283
4 434.13 299.99 130.71 15.83 9.5284




A

g NS g - b gaballl Al

dF dF, dF
SET A e F,‘ Fr HF:
—{ (R/MWh) (R/MWh) (R/MWh)
CALCULATE P

FOR j=1... N /
1

CALCULATE /

N
€= Ploaa— T P

’ f=1 Py (MW) P, (MW)

FIRST ITERATION?\
/ YES

o
<Iel <TOLERANCE>L'

‘NO PRINT SCHED
PROJECT A Y
END

J‘JJ\}#M‘JB&‘}O‘}IJ}&%Q )\Jisuz}));—l
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P, (MW)

PR‘P] +P2+P3



2 IS g Ul gl aigl

H (MBtu/h) = A + BP + CP? + DP?

(1) A B C D

Unit 1 749.55 6.95 968 x 107 1.27 x 1077
Unit 2 1285.0 7.051 7375 x 107* 6.453 x 1078
Unit 3 1531.0 6.531 104 x 1072 998 x 1078

Solution: (le|] < Tolerance)

320MW < P, < 800 MW

P,.q = 2500 MW
300MWKLP 1200 MW
L \ =ns Jsen = 8.0 R/MWh
N 275 MW < P; < 1100 MW

€={P, +P, + P,) - Px(MW)

(2)

Total Generation

Iteration A (MW) Py P, P,

1 8.0000 1731.6 494.3 596.7 640.6
2 8.8000 2795.0 800.0 1043.0 952.0
3 8.5781 2526.0 734.7 9234 867.9
4 8.5566 2497.5 726.1 911.7 859.7
5 8.5586 2500.0 726.9 912.7 860.4

44 49



g ST g b gl gl ,

r

Total Generation

Iteration / (MW)
1 10.0000 3100.0 8000 12000  1100.0
P.., = 2500 MW 2 9.0000 2974.8 800.0 11483  1026.5
3 5.2068 895.0 320.0 3000 2750
Jsane = 10.0 R/MWh — 4 8.1340 1920.6 551.7 674.5 694.4
5 9.7878 3100.0 800.0 12000  1100.0
6 8.9465 2927.0 8000 11203  1006.7
7 6.8692 895.0 320.0 3000 2750
8 8.5099 2435.0 707.3 886.1 8417
9 8.5791 2527.4 735.1 9240  868.3
10 8.5586 2500.1 726.9 912.8 860.4
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F(P)=A+ BP +CP?+ D exp[(P _ E)]

F
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. op, d—an(Pl)—)
f=£; FRD a o 4 rey i
$=ZF(P¢)+)( load ZIP: = yp_| P |_|
- a‘_s'ﬂ ip(p)_
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MBt
H,=78+7.97P,+.00482P [——2] 50< P, <200
P, =800[ MW ]
_— — 2
Unic 1: fucl cost = 1.1 R/MBtu F,(Py) = H(P,) x 1.1 = 561 + 7.92P, + 0.001562P3 R/h
Unit 2: fuel cost = 1.0 R/MBtu F,(P,) = H,(P,) x 1.0 =310 + 7.85P, + 0.00194P§ R/h
Unit 3: fuel cost = 1.0 R/MBtu Fy(Py) = H3(Py) x 1.0 = 78 + 7.97P; + 0.00482P3 R/h
a =100 TABLE 3.2 Economic Dispatch by Gradient Method
P’ =300[MW] Iteration P, P, Py Proual A Cost
= 200[ MW ] i 300 200 300 800 9.4484 7938.0
. = 2 300.59 200.82 298.59 800 9.4484 7935
Py =300[MW] 3 301.18 201.64 297.19 800.0086 9.4484 7932
4 301.76 202.45 295.8 800.025 9.4570 7929.3
_ 2 Z|: )2 ( PO j| 0.4484 5 302.36 203.28 29443 800.077 9.4826 7926.9
10 309.16 211.19 291.65 811.99 16.36 8025.6

w‘oMWu‘ﬁm%L@):oMrwidu)‘ﬂASJAJJOLLJJ.L?
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P3=800—P1"P2

—d— Cost
dp

V Cost =

——d— Cost
dp,

x'=x%~ VCost x a

P, =850~ (P, +P,)

\o¥

—> Cost = F,(P,) + Fy(P,) + F3(P3) = Fi(Py) + F5(P;) + F3,(800— P, — P,)

dF, _dF, ) L ) .

ar, _ dp, IR L v.;.a\_,p- QLIS oy 5l ealatal L

dF, _dF

dP, dP,
Iteration P, P, Py Pioas Cost
i 300 200 300 800 7938.0
2 320.04 222.36 257.59 800 7858.1
3 33538 239.76 224.85 800 7810.4
4 347.08 253.33 199.58 800 77819
5 355.97 263.94 180.07 800 7764.9
10 380.00 304.43 115.56 800 7739.2
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i=1

-
P =2 P =0
L i=1
Fy+ AF, = R(R)+ BB+ F(P) 4.t D1 pp y ) np | TV
dR dP, dP,

AFT=MAPI+MAPZ+ ....... +—dFN(PN)APN (1) v
@ S o AP ==Y AR ()

APR :O:)ZAPl :0 (2) i=l#x

i=1

dFi (R) dr;, (P) dF’ (P) dF_(P.)
1,3 AF, =— AP + ——22AP, +....... N AP, 3
. o, =SB ap R v+ SR AR A T )

AR = dF,(P) dF.(P,) ,
=1+ dP dP

\oF



4 +.00194P22[T] 100 < P, <400

H,=78+7.97P, + .004821%,2[M§m

] 50< P <200 L }
S ; a5l o ol
P, =850[MW] 33,8 G pan gy I 5 g pazme il el O

B, =400[MW] B =400[MW ]

(1) =< P, =300[MW]= AF, = (-0.2464)AP, + (=0.4020)AP, (2) = P, =350[MW]= AF; =(0.24)AP, + (0.27)AP,
P, = 150[MW] £, =100 MW ]
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AF, =£AP1 +...+—dFNAP
dPp, dpP,
N N
2 AP =0=AP, == AP,
i=l1 i#x
df, dF
1) &(2) = AF, = x
() &(2) = ;(dp dP)

OAF, dF, dF.  d’F,
=(5 ——)+
OAP,

\oF

dP, dP.” adpP* '

d’F
i szx ZAP"

(2)

L
2 I#X
+2APAP, +...)

I#X

N2d2 e

2
S L5 apy +
e

d’F,

. d’F,

2
N

N

Y AP (D)

2
(APN)2}+ ‘;]fx (AP? + AP + ...
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=1, =9V

H,=178+7.97P, +.00482P} [@] 50 < P, <200

P, =850[MW]

P [400 AP - gg P=400-68=3932
P, |=|300|=A=?%B=2= "' =P =300+34.6=334.6
B

150 AR =346 p _g850_p P =1222
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AP, (0.003124) ! 320,10
AP,  (0.003124)"1 + (0.00388) ' + (0.00964) "  681.57

= 0.47

AP, _ (0.00388)"
AP, 68157

AP; 103.73
AP, 681.57

AP, =900 — 850 = 50

= 0.38

=0.15

AP,

Pnew; = Pase +
o (APD

)APD fori=1,23
P, = 3932 + (0.47)(50) = 416.7

Prew, = 334.6 + (0.38)(50) = 353.6
Prew, = 122.2 + (0.15)(50) = 129.7
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® The goal of an optimal power flow (OPF) is to
determine the “best” way to instantaneously operate
a power system.

® Usually “best” = minimizing operating cost.
® OPF considers the impact of the transmission system

® OPF 1s used as basis for real-time pricing in major
US electricity markets such as MISO and PJM.

\BR



® Different operating regions impose constraints -- total
demand 1n region must equal total supply

® Transmission system imposes constraints on the
market

® Marginal costs become localized
® Requires solution by an optimal power flow

ARA



® OPF functionally combines the power flow with
economic dispatch

® Minimize cost function, such as operating cost, taking
into account realistic equality and inequality
constraints

® Equality constraints
— bus real and reactive power balance
— generator voltage setpoints

— area MW interchange

VY



® Inequality constraints
— transmission line/transformer/interface flow limits
— generator MW limits
— generator reactive power capability curves

— bus voltage magnitudes (not yet implemented 1n
Simulator OPF)

® Available Controls
— generator MW outputs

— transformer taps and phase angles

V¥



® Non-linear approach using Newton’s method

— handles marginal losses well, but 1s relatively slow and has
problems determining binding constraints

® Linear Programming

— fast and efficient in determining binding constraints, but
can have difficulty with marginal losses.

— used in Power World Simulator

ARIA



® Solution 1terates between

— solving a full ac power flow solution
@®cnforces real/reactive power balance at each bus
®cnforces generator reactive limits
@®system controls are assumed fixed
@®takes into account non-linearities
— solving a primal LP

®changes system controls to enforce linearized
constraints while minimizing cost

\RF4



Total Hourly Cost : 8459 $/hr
Area Lambda : 13.01

13.01 $/MWh  Bus B
g 300. oMW

Bus A

197 . ofimMw
AGC ON

VY



Total Hourly Cost : 9513 $/hr
Area Lambda : 13.26

13.08 $/MwWh

Bus A 13.43 $/MWh Bus B
@ g 380. OfiMw

300. offimw

260 . 9fiMw 419.1Mw
AGC ON AGC ON

ARTA



® Consider a three bus case (bus 1 1s system slack),
with all buses connected through 0.1 pu reactance

lines, each with a 100 MV A limit
® Let the generator marginal costs be
— Bus 1: 10 $ / MWhr; Range = 0 to 400 MW
— Bus 2: 12 $ / MWhr; Range = 0 to 400 MW
— Bus 3: 20 $ / MWhr; Range = 0 to 400 MW

® Assume a single 180 MW load at bus 2

ARR
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60 MW 60 MW

0AMW

60 MW

Total Cost 120 M

1800 $/hr 10.00 $/MWh

180AMW

Bus 1
10.00 $/MWh
180.0 MW

Line from Bus 1
to Bus 3 is over-
loaded; all buses
have same
marginal cost
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20 MW
Bus 2 0

20 MW
0 Bus 1

@¥—.—@—<—<—<—<—<—<—<—@—.—l 10.00 $/MWh

60.0 MW|12.00 $/MWh

< ;
oMW

80 MW

Total Cost

1920 $/hr 0 MW

@

Bus 3 ?

0 MW
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19 MW
Bus 2 2 19 MW Bus 1

: _._@:::::::@_.410.00$/MWh
62.0 MW|12.00 $/MWh @

119.0 MW

81 MW

Total Cost LB

1934 $/hr o+ M

181/EMW




® All lines have equal impedance. Power flow 1n a
simple network distributes inversely to impedance of
path.

— For bus 1 to supply 1 MW to bus 3, 2/3 MW would take

direct path from 1 to 3, while 1/3 MW would “loop
around” from 1 to 2 to 3.

— Likewise, for bus 2 to supply 1 MW to bus 3, 2/3MW
would go from 2 to 3, while 1/3 MW would go from 2 to
1to 3.

yYY



® With the line from 1 to 3 limited, no additional power
flows are allowed on it.

® To supply 1 more MW to bus 3 we need
~ Pgl +Pg2=1MW
— 2/3 Pgl +1/3 Pg2 =0; (no more flow on 1-3)

® Solving requires we up Pg2 by 2 MW and drop Pgl
by 1 MW -- a net increase of $14.

\Y¥
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MW
0 Bus 1

10.00 $/Mwh

100.0 Mp12.00 $/MWh

oMW
100 MW

Total Cost y mw

@

2280 $/hr
Bus 3 ?

4 MW
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Unit Commitment
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Unit 1:

Unit 2:

Unit 3:

VYV

Pp=550 MW :asb b js 55 dols aw LS 5 5 %°
Min = 150 MW
Max = 600 MW
H, = 510.0 t 7.2P, T 0.00142P? MBtu/h
Min = /00 MW
Max = 400 MW
H, = 310.0 T 7.85P, T 0.00194P2 MBtu/h
Min = 50 MW
Max = 200 MW

H, =78.0 T 7.97P, T 0.00482P% MBtu/h
Fuel cost, = 1.1 R/MBtu
Fuel cost, = 1.0 R/MBtu
Fuel cost, = 1.2 R/MBtu
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OFF
OFF
OFF
OFF

ON
ON
ON
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0 3760
0 SN
S0 4911

0 3030 2440
S0 2787 2244

0 400 150

295 255
267 213

5418
3389
3497
5471

LN



4l g ol e Sl Obej ax 5 gladslg e 4575 S jaete L

1200
‘MW

Total

load

500
MW

sl 3yl OT

4 PM 4 AM 4 PM
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A

Load

Optimum Combination

Unit 1 Unit 2 Unit 3
1200 On On On
1150 On On On
1100 On On On
1050 On On On
1000 On On Off
950 On On Off
900 On On Off
850 On On oft
800 On On Ooff
750 On On Off
700 On On Off
650 On On Off
600 On Off Ooff
550 On Off Off
500 On Off Off
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Units
1, 2, and 3

Western region

el Sl Ka¥ran L S

550 MW
maximum

e

Units
4 and 5

Eastern region
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—t

whcu
cold-start cost (MBtu)

F = fuel cost

¢

C, = fixed cost (includes crew expense, maintenance expenses) (in R)

a = thermal time constant for the unit
t = time (h) the unit was cooled

Start-up cost when banking =C, x r X F + Cy
where

C, = cost (MBtu/h) of maintaining unit at operating temperature

Start-up
cost

Cooling
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Priority-List Methodspui 3> cuwd —1 <
OT 53 215 258 S 015 (i (J Vb s e gy 0 5 02l ™
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Dynamic programming (DP) Swolad (&3 y 4ol g9 —¥ <2
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oS5 5 W/ JelS O s A 5 an pa = o gt 4 e
Ve oy %

Full Load

Unit Average Production Cost (R/MWh)

1 9.79

2 9.48

3 11.188

ru\}}' > g.,u; JS ’:’

Unit R/MWh Min MW Max MW
2 9.48 100 400
1 9.79 150 600

\VEY 3 11.188 50 200
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358 51055 5 e b

Min MW from Max MW from
Combination Combination Combination
2+ 143 300 1200
2 +1 250 1000
2 100 400
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